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Bumby proved that the only positive integer solutions to the quartic Diophantine
equation 3X%4 — 2Y2 = 1 are (X,Y) = (1,1),(3,11). In this paper, we use Thue’s
hypergeometric method to prove that, for each integer m > 1, the only positive inte-
gers solutions to the Diophantine equation (m? + m + 1)X?* — (m? + m)Y? = 1 are
(X,Y) = (1,1),(2m + 1,4m? + 4m + 3).
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1. Introduction

Given a parametrized family of cubic models of elliptic curves F; over Q, it is a
notoriously difficult problem to find absolute bounds for the number of integral
points on F; (and, indeed, in many cases, it is unlikely such bounds even exist).
Perhaps somewhat surprisingly, the situation is often radically different for quartic
models. In a series of classical papers, Ljunggren (see e.g. [5] and the references
therein) derived various explicit, absolute bounds for the number of integral solu-
tions to quartic Diophantine equations. For example, he showed that, given positive
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integers a and b, the equation
aX?-by'=1

has at most a single solution in positive integers X and Y. The case of the apparently
similar equation

aX* —by? =1 (1.1)

is significantly more complicated (unless a is an integral square; see [1] and [4]).
In fact, for general a and b, there is no absolute upper bound for the number of
integral solutions to (1.1) available in the literature (unless one adds additional
hypotheses; see [5]). Computations and assorted heuristics (see, e.g. [1], [4], [8], and
[9]), however, suggest the following:

Conjecture 1.1. Let a and b be positive integers. Then Eq. (1.1) has at most two
solutions in positive integers X and Y.

This conjectural upper bound is best possible since, choosing
(a,b) = (M* +m +1,m? +m), (1.2)
for m a positive integer, we find the solutions
(X,Y)=(1,1) and (X,Y) = (2m+ 1,4m? + 4m + 3) (1.3)

to Eq. (1.1). One might even hypothesize that, in a certain sense we will make
precise later, these pairs (a,b) (together with (a,b) = (2,1)) are the only ones for
which (1.1) has more than a single such solution.

In [2], Bumby applied a clever argument involving arithmetic in the quartic
number field Q(v/—2,v/—3) to verify Conjecture 1.1 for (a,b) = (3,2) (i.e. to show
that the known solutions (1.3) are the only ones, in the simplest case m = 1 of
(1.2)). Our goal in this paper is to deduce a like result for the entire family of pairs
(a,b) in (1.2), that is, to prove

Theorem 1.2. Let m be a positive integer. Then the only positive integral solutions
to the equation

m*+m+1) X' —(m?>+m)Y2=1 (1.4)
are given by (X,Y) = (1,1) and (X,Y) = (2m + 1,4m? + 4m + 3).

Our argument is fundamentally different from that employed by Bumby [2].
In fact, the techniques of [2] do not apparently generalize to arbitrary values of
m > 1. We will instead appeal to classical results of Thue [6] from the theory of
Diophantine approximation. In the context of quartic equations, these were first
utilized, independently, by Yuan [10] and by Chen and Voutier [3], to sharpen prior
work of Ljunggren on Eq. (1.1), in case b = 1. In essence, this paper may be viewed
as a companion piece to [7], where these techniques are applied in a somewhat more
general setting.
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2. Reduction to Thue Equations

As detailed in the introduction to [7], in order to bound the number of positive
integer solutions to an equation of the form aX* — bY2 = 1, it suffices to consider
the case when a = b+ 1. That is, it is sufficient to determine an upper bound for
the number of integer solutions to Diophantine equations of the shape

(t+1)X*—ty?=1. (2.1)
In this context, a more precise version of Conjecture 1.1 is the following:

Conjecture 2.1. If ¢ > 1 is integral, then the only positive integer solution to
Eq. (2.1) is given by (X,Y) = (1,1), unless t = m? + m for some positive integer
m, in which case there is also the solution (X,Y) = (2m + 1,4m? + 4m + 3).

Our strategy in proving Theorem 1.2 will be as follows. We begin by recalling
[7, Proposition 2.1], in which it was shown a positive integer solution of Eq. (2.1)
gives rise to a solution to a Thue equation.

Proposition 2.2. Let t be a positive integer. If there exists a solution to (2.1) in
positive integers (X,Y) # (1,1), then there exists an integer solution (x,y) to the
equation

ot dtady — 6tay? — Atz + 2yt =12, (2.2)
where to divides t, to < v/t and min{|z|,|y|} > 1.

It follows, for such a solution, that z/y is “close” to one of the roots of the
quartic polynomial

pe(x) = ot + 4ta® — 6ta? — 4tz + 12, (2.3)

which we label ), i = 1,2,3,4. For the special cases when t = m? + m with m
integral, we will be able to apply the hypergeometric method to obtain (nontrivial)
effective measures of approximation for these roots, showing (eventually) that no
such rational number x/y can exist.

In order to utilize the hypergeometric method, one requires good rational ap-
proximations to the roots 8,7 = 1,2,3, 4 of the polynomial (2.3). These roots are
given explicitly by

Vit

T

vt

ﬂ(l) = (1 +p)7 ﬁ(2) = T (1 _p)a ﬁ(g) = (_T+p)\/¥a ﬁ(4) = _(T+p)\/¥7

where

r=vVit+1++Vt and p=V712+1.
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We will, here and henceforth, assume that ¢ = m? +m, for m a positive integer.
We may readily derive, via the Mean Value Theorem, the following inequalities for
the roots 8(9):

1 1

1) L
< BM < 1 ,
p me 8m? + 8m3

1

1
1 -
MLt e T Toms

1 1

- — @ m- 2.4
Mo T o <0 ST T gE T (2:4)
1 5 1 1 5 5
15 @_1__5 5
4 64m? * 16m3 <pT < 4 64m?  64m3’
and
5 921 21 5 921 5
Am? —dm— 24 W« gm?—am— 2y 22
=AM = I S E e < < A M i S T To

We will, in fact, apply the hypergeometric method of Thue and Siegel to obtain
an effective measure of approximation to just the root 1), Later, we will indicate
why this is sufficient for our purposes.

3. Towards an Effective Measure of Approximation

Let us begin by recalling some notation. For a positive integer r, we put
X (X) = oFy(—r,—r —1/4;3/4; X),

where 9 F denotes the classical hypergeometric function, and use X' to denote the
homogeneous polynomials derived from these polynomials, so that

XA (X,Y) =Y "X, (X/Y). (3.1)

A basic principle underlying the hypergeometric method and, indeed, a funda-
mental technique for proving irrationality in general, is the following folklore lemma
(the formulation we provide here is Lemma 2.8 of [3]):

Lemma 3.1. Let 0 € R. Suppose that there exist ko,lg > 0 and E,Q > 1 such
that for all r € N, there are rational integers p, and g, with |¢,| < koQ" and
|g-0 — pr| < loE™" satisfying prqr+1 # pri1qr- Then for any rational integers p and
q with |gq| > 1/(2lp), we have

1 log Q

p
FPEEE where ¢ = 2koQ(2lpE)" and k = e &'

q

This result says, in essense, that the existence of a dense set of suitably good
rational approximations to a real number 6 provides us with an explicit lower bound
for rational approximation to 6. For our purposes, we will seek to apply this with
0 = pw (whereby, we need to improve upon the trivial lower bound given by
Liouville’s Theorem). The hypergeometric method is predicated on the idea of
constructing the desired dense set of rational approximations through specializing
rational functions (derived from the classical hypergeometric functions) at rational
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(or perhaps algebraic) values. We will generate these rational functions by appeal-
ing to the following special case of a result from [7] (cf. [3, Lemma 2.1]), which is
essentially just a convenient formulation of the original work of Thue [6]. Note, in
the notation of [3], we are taking n = 4,

U@)=(z—a1)(z—az), P@)=c(zr—a)* —cax — o)’
and that the signs of b(x) and d(z) are reversed in comparison to [3].

Lemma 3.2. Let ay,as,c1 and ¢y be complexr numbers with a1 # ao and define
the following polynomials

a(z) = g(al —)(r —a2), c(x)= gal(al —ao)(x — ag),
5 5

b(x) = 5(042_0‘1)(5”_041)» d(z) = 50@(042—041)(5”—041),

u=u(x)=—co(x —az)? and z=z(x)=ci(z—o)"

Putting VA = (a1 — as)/2, we write, for a positive integer r,
(VA A (2) = al@) X3 (2, 0) + b{a) X (1, 2)
and
(VN Br(2) = c(2) X (2, u) + d(@) X} (u, 2).
Then, for any root 8 of P(x)

z(x) — u(x), the polynomial
Cr(z) = BA-(z) — Br(2)
is divisible by (v — 3)* 1.
We will apply this by choosing «q,a9,¢1 and ¢p so that P(z) = pi(z) and
B =M. Since M is extremely close to m + 1, it follows that
By(m +1)/A.(m + 1)

corresponds to a good rational approximation to (). In order to use Lemma 3.1,
we need to bound |A,(m + 1)|, |By(m + 1)| and |C,-(m + 1)|. We will do this via
special cases of [3, Lemmas 2.5 and 2.6], and [7, Lemma 3.4] (the last to treat
non-archimedean valuations):

Lemma 3.3. With the above notation, put w(z) = z(z)/u(z) and write w(x) =
pe'? with >0 and —m < ¢ < 7. Put w(z)'/* = pl/*ei%/4,
(i) For any non-zero x € C such that w = w(x) is not a negative real number or zero,
(VN)Cr(2) = {Bla(@)w(@)"* + b(z)) = (c(@)w(z)"* + d(z))} X} (u, 2)
— (Ba(z) — c(z))u(z)" Ry (w),
with

Ry (w) = % /1w((1 R

where the integration path is the straight line from 1 to w.
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(i) Let w = €%,0 < ¢ < 7 and put \/w = €"¥/2. Then

AT(r + 5/4)@\1 _

IR (w)] < AT(LA)

Lemma 3.4. Let u,w and z be as above. Then

'(3/4)r!
X <A4lu|" =——"F"—
Lemma 3.5. Let N, be the greatest common divisor of the numerators of the coef-
ficients of X,.(1 —2x) and let D, be the least common multiple of the denominators
of the coefficients of X, (x). Then the polynomial (D, /N,)X,(1 — 2x) has integral
coefficients. Moreover, N, = 2",

I'(3/4)r! I'(r+5/4)
"T'(r+3/4) T(1/4)r!
Finally, in order to guarantee that the rational approximations we produce are
essentially distinct, we will have need of [3, Lemma 2.7]:

|1 T \/5‘27”—2.

< 0.8397-5.342" and D, < 0.1924 - 5.342".

Lemma 3.6. Let ap, a9, A (X), B.(X) and P(X) be defined as in Lemma 3.1 and
let a,b,c and d be complex numbers satisfying ad — bc # 0. Define

K. (X)=0aA.(X)+bB.(X) and L.(X)=cA. (X)+ dB,(X).
If (x — aq)(x — ag)P(x) # 0, then
Kry1(z)Lr(z) # Ko(2) Ly g1 (2),
for all v > 0.

We now determine the quantities defined in Lemma 3.2. Choose
a; =vV—-t, arx=—V—t, :(1+\/—t)/2, 62:(1—\/—t)/2,

whereby A = —t and P(z) = p¢(x), as in (2.3). We will now show how our various
lemmas may be employed to obtain an effective measure of approximation to S,
Let us select © = m + 1 and define

n=1+ivVm2+m(4m? +4m + 3).
It follows that
—1+i(4m? +4m+3)Vm?> +m

w=wm+1) = S
( ) 1+i(4m? 4+ 4m + 3)vVm2 +m

ISR

and so

W/ 1+ir m+1—ivm?+m
P m+14+ivm2+m

Using the fact that p?> = 72 + 1, one may check that

alm+1)=—=5(m+ 1)[m —ivm?+m]=b(m+1)
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and

clm+1) = =bm(m+1)m+1+ivVm?+m] =d(m+1),

whereby

B = c(m 4+ Dw"* 4 d(m + 1)
a(m 4 Dwl/4 +b(m+1)’

and hence the first term in the expression for (—t)"/2C,.(m + 1) in Lemma 3.3
vanishes. By Lemmas 3.2 and 3.3, we thus have that
(=t)2A, (m + 1) = a(m + 1) X (2(m + 1), u(m + 1))
+b(m+ )X (u(m+1),z(m+ 1)),
(=t)"2B,(m +1) = c(m + 1) X} (2(m + 1), u(m + 1)) (3.3)
+d(m+ D)X (u(m+1),z(m+ 1)),
(=t)"2C.(m + 1) = —(BWMa(m + 1) — c(m + 1) [u(m + 1)]" R, (w).

These quantities form the basis for our sequence of rational approximations to
B, We first eliminate some common factors. One can check that

ufm+1) = —%(m +1)%n=—2(m+ 1), (34)
m+l) 2 g ouwm+l) 2
u(m+1) ! n d z(m+1) ! n (3:5)

Using (3.1), (3.4), and (3.5), we obtain

1 2
X el + D)o+ 1)) = (-1 5 (17 7 X (12 2)
n
and
* 1 2r —r 2
X(um+1),z(m+1)) = > (m+1) X, 1—% .
After some routine manipulations, we find, from (3.3) and Lemma 3.5, considering
the cases of r even or odd separately, that the quantities

((r=2)/21p, B, 1 ((r=2)/21p A, 1
m (m+1) and Q= m (m+1) (3.6)
10(m + 1)3r/2+1] 10(m + 1)Br/2+1]

r =

are rational integers. Note that we have

Qrﬁ(l) - Pr = Sra (37)

where

m[('r‘72)/2] -DTCT(m + ]_)

Sy = T o T (3.8)
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The integers defined by (3.6) are those whose quotients will provide us with our
rational approximations to (1), We want to show that these are “good” approxi-
mations; to do this, we will estimate |@,| and |S,| from above. From (3.2), we may
write

w'/* = 71 T (T —
(2m+1)p[(1+2 Vi) +i(T — 2V,
whereby
w'/? = _ T —(r— i T T — .
1/2 B TR (1 +27VE)? — (17— 2v1)2 + 2i(1 + 27V1) (T — 2V/1)]

It is easy to verify via calculus that

1.999 < |1 + vw| <2, for m > 2, (3.9)
and similarly that

lu(m + 1)(1 4+ vw)?| < 23.266 m”, (3.10)

at least provided m > 3. From the expressions for a(m +1),b(m + 1), ¢(m + 1) and
d(m + 1), one can see that

la(m +1)| = [b(m + 1)| = 5(m + 1)v/m(2m + 1) (3.11)

and

le(m +1)| = |d(m + 1)| = 5m(m + 1)y/(m + 1)(2m + 1). (3.12)

By (3.3), (3.11), the fact that |z| = |u| (from 3.4), and Lemma 3.4, we have that
T'(3/4)r!
I(r+3/4)

whereby, from (3.9), (3.10), and (3.11),
I'(3/4)r!

I(r+3/4)

Now we use (3.6) and Lemma 3.5 to obtain

0.841
Q| < — m(2m + 1)(124.287m>)" < 1.285(124.287m?)", (3.13)

t/2 A (m+ 1) <8 la(m + D)l fu(m + 1) [1 + vw]*r =

/2| Ap(m +1)] <10.011 (m + 1)y/m(2m + 1)(23.266 m°)".

for m > 3.
Next, we look to bound |S,|. By (3.3),

t2Cr(m+ 1)) = |8V a(m + 1) — e(m + 1)| fu(m + 1| |Rr (w(m + 1))|
and so, from Lemma 3.3 and the fact that ¢(m+1)/a(m+ 1) = iV, it follows that

AT(r +5/4)

t"2|C(m + 1)| < |a(m + 1)||BY — iV rT(1/4)

o lu(m +1)(1 = Vw)?|",
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with ¢ as defined in Lemma 3.3. Since

2v/m2 + m(4m? + 4m + 3)
1+ (m2 4+ m)(4m?2 + 4m + 3)2’

sing =Im w =
we have that ¢ < 1/(2m?). Therefore, from the bounds for 31" in (2.4),
PlB® — iv/m® | < 2o,
for m > 3. As above, a routine application of calculus yields
fulm +1)(1 = Valm T D7 < 25,
again, for m > 3. From these results, (3.8) and Lemma 3.5, one can see that

0.394

5.1 < =5

(1.376 m3)~". (3.14)

We are now in position to derive our desired lower bound for rational approximation
to BW):
Theorem 3.7. Suppose that m > 3. Define

~ log(124.287m?)
~ log(1.376 m3)

If p and q are positive integers, then

|ﬁ(1) _]_7| >
q

1
319.42m3(1.09 m)"<q I+

Proof. We apply Lemma 3.1. First, notice that P.Q,+1 — Pr+1Q, is a non-zero
multiple of

Arsi(m+1)Br(m+1) — Ar(m+ 1)Bry1(m + 1).

From Lemma 3.6, with a = d = 1, b = ¢ = 0 and x = m + 1, it follows that
P.Qr41 # Pr11Q,, and thus, using (3.7), we may invoke Lemma 3.1, with p, = P,
and ¢ = @Q,. For m > 3, from (3.13) and (3.14), we can take ko = 1.285, Iy =
0.394m=2, E = 1.376 m? and Q = 124.287m?. Lemma 3.1 thus yields the desired
result. O

4. Proof of Theorem 1.2

To prove Theorem 1.2, let us begin by defining, for non-negative integers k, a
sequence of polynomials {Var41(t)} via the relation

(VE+ 1T+ Vi) = Vi g ()VE+ T+ Wappa (VL.

For future use, we will also define

(VE+1+ V)% =Ty(t) + Up(t)V/tH(t + 1).
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Given an integer ¢ > 1, a positive integer solution (X,Y") to the quartic Diophantine
equation (2.1) is equivalent, by the classical theory of Pell equations, to an index
k > 0 for which X2 = Vaj41(¢). In [7], the authors showed that for all k > 1, the
equation X2 = Vj;,1(t) has no solutions in positive integers X and t. It remains,
therefore, to derive an analogous result for the equation X2 = Vj;,3(t). As noted
in [7], a solution to this latter equation corresponds to a rational z/y for which the
closest root of the polynomial p; is either SV or (2. Let us now estimate how
close such a rational number must be in order that (z,y) is a solution of (2.2).

We begin by proving a lower bound for |y| in terms of m, through what
is essentially an application of Runge’s method. For 1 < k < 24, we com-
pute the Puiseux expansions at infinity of the algebraic function z(m) defined by
22 = Vi 3(m? +m) and find, for each k, a positive integer 71, and integer polyno-
mials fag+3(m), gar+3(m) with the property that

22" Vagqs(m? +m) = (fars3(m))? + garys(m),

with 2deg fari3(m) = deg Vagrz(m? +m) = 4k + 2, and deg gspr3(m) = 2k. We
verify that each of the polynomials gsr43(m) has no positive integer roots. We
then notice that |far43(m)| > |gars+3(m)| for m > 0, a much stronger condition
than required. We remark that, if one could prove that this property holds for all
k > 1, this would yield a completely different proof of Theorem 1.2. In any case, it
follows from the above properties that each of the equations 22 = Vi 3(m? + m),
(1 <k < 24), has no solutions in positive integers (z,m).

To finish deriving our lower bound for |y|, we begin by noting that a short
calculation yields the inequalities

097 <V, < 71 (4.1)

valid for m > 3 and k > 3. We will mimic the proof of [7, Proposition 2.1]. Let us
begin by noting the relation

Viiss = Va1 + Vg = (T + tUR)? + tUR4,
valid for all £ > 0. From the supposition that
X? = Vipys,
we thus have
tUZ = X2 — (T), + tUy)?

and hence, from the coprimality of Uy and Ty +tUy and the parity of Uy, we deduce
the existence of positive integers G, H,t; and to with Ux11 = 2GH, t = t1to, and

X — (Ty + tUy) = 2:G?, X + (T, + tUy,) = 2t H?.

Substituting for Ty and Uy in the equation TZ — t(t + 1)UZ = 1 and setting to =
min{ty,t2} and either (x,y) = (t1G, H) or (—t2H, G) leads us to Eq. (2.2).
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We will suppose that |y| = G, as the case |y| = H may be treated in a similar
fashion, and actually leads to a larger lower bound for |y|. It is easy to see that

Varga
 Vakys — Vor41 =

VVari1/Vart2)2 + 1+ (Vapr1/Vorta)

and so, from (4.1), we deduce the inequalities

1
% y? > 7 FAHL S 921 )2kt
Since t; < t, m < v/t and k > 25, we thus have that
ly| > 24 m>, (4.2)

We now estimate how close z/y must be to one of B or 4@, From (4.2), we
can evidently assume that |y| > 4. Let us suppose first that (z,y) is a solution of
Eq. (2.2) with 80 closest to /y. In this case, we may assume that |z—gMy| < /4,
otherwise y4|pt(x/y)\ > t. Thus z/y is greater than () — t'/4/4, whence

L BTV CO N VS WA V- S s V)
y 4 1 1

by the third and fourth inequalities in (2.4). Similarly, we have that

@ _% /2y 3 @ _ A2+ 5m— tpt2 9 13
B y>m m —1—4—1-64 3 ’ﬁ ‘> m?+5m— i T e
and, upon combining the above and assuming that m > 3,

115 - f‘ > 7.8m.

i#1 Yy

Therefore, if |pt(z,y)| = t3 < t, with t = m? + m and m > 3, then
1
1 _ _
‘ﬂ 5 85m?2y (43)

Conversely, if the closest root to x/ y is ), then, arguing in a similar fashion, we
have

1
5 85m2y

xT

|5(2 _Z

Since 31332 = —¢, a short calculation shows that

—ty m?
W= . 4.4
‘ﬂ < x )‘ <5841 (44)

It follows, in either case (4.3) or (4.4), that there exist positive integers p and ¢,
such that
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Combining this with Theorem 3.7, we thus have that

8-k _ 319.42 m?
5.8
provided that m > 3. Combining (4.5) with the lower bound for |y| in (4.2) con-
tradicts our choice of m > 3. For m = 1, we may appeal to [2], while, for m = 2,
we may apply the computer package KANT (ThueSolve, to be precise) to the Thue
equations

(1.09m)", (4.5)

ot + 2423y — 362%y* — 144ay® + 36y* € {1,4}.

The only solutions we encounter are with (z,y) = £(2,—1),%(1,0). This, with
Proposition 2.2, completes the proof of Theorem 1.2.

Acknowledgment

The first and third authors gratefully acknowledge support from the Natural
Sciences and Engineering Research Council of Canada. The second author acknowl-
edges support from Purdue University North Central.

References

[1] M. A. Bennett and P. G. Walsh, The Diophantine equation b2X* —dy? =1, Proc.
A.M.S. 127 (1999) 3481-3491.

[2] R. T. Bumby, The Diophantine equation 3z% — 2¢% = 1, Math. Scand. 21 (1967)
144-148.

[3] J. H. Chen and P. M. Voutier, A complete solution of the Diophantine equation
?24+1= dy4 and a related family of quartic Thue equations, J. Number Theory 62
(1997) 71-99.

[4] J. H. E. Cohn, The Diophantine equation #* — Dy? = 1 II, Acta Arith. 78 (1997)
401-403.

[5] W. Ljunggren, On the Diophantine equation Azt —By? = C(C =1,4), Math. Scand.
21 (1967) 149-158.

[6] A. Thue, Ein Fundamentaltheorem zur Bestimmung von Ann&herungswerten aller
Wurzeln gewisser ganzer Funktionen, J. Reine Angew. Math. 138 (1910) 96-108.

[7] A. Togbé, P. M. Voutier and P. G. Walsh, Solving a family of Thue equations with
an application to the equation z? — dy* = 1, Acta Arith. 120(1) (2005) 39-58.

[8] P.G. Walsh, Diophantine equations of the form aX 4_py?=41,in Algebraic Number
Theory and Diophantine Analysis, Proceedings of the International Conference in
Graz 1998 (Walter de Gruyter, Berlin 2000), pp. 531-554.

[9] P. G. Walsh, A note on Ljunggren’s theorem about the Diophantine equation aX? —
bY?* =1, Comptes Rendues Math. Rep. Acad. Sci. Canada 20 (1998) 113-119.

[10] P. Yuan, Rational and algebraic approximations of algebraic numbers and their ap-
plication, Sci. China Ser. A 40 (1997) 1045-1051.



